An E11 invariant gauge fixing by Pettit, Michaella & West, Peter
ar
X
iv
:1
71
0.
11
02
4v
1 
 [h
ep
-th
]  
30
 O
ct 
20
17
An E11 invariant gauge fixing
Michaella Pettit and Peter West
Department of Mathematics
King’s College, London WC2R 2LS, UK
Abstract
We consider the non-linear realisation of the semi-direct product of E11 and its vector
representation which leads to a spacetime with tangent group that is the Cartan involution
invariant subalgera of E11. We give an alternative derivation of the invariant tangent space
metric that this space-time possesses and compute this metric at low levels in eleven, five
and four dimensions. We show that one can gauge fix the non-linear realisation in an E11
invariant manner.
1
1 Introduction
One of the most surprising discoveries in the construction of supergravity theories
was that the N = 8 supergravity theory in four dimensions possesses an E7 symmetry
[1]. It was then found that the maximal supergravities in dimensions D ≤ 9 possesses an
E11−D symmetry [2] and that the IIB supergravity has an SL(2,R) symmetry [3]. It was
universally thought that these symmetries, with the exception of the SL(2,R) symmetry
of IIB, were a quirk of the dimensional reduction procedure that can be used to relate the
different theories. However, it was proposed in 2001 [4] that these symmetries lifted and
that there existed a theory in eleven dimensions that has an E11 symmetry that contained
the maximal supergravity theory. It was proposed in 2003 [5] that this symmetry also acted
on the spacetime and that one should consider the non-linear realisation of the semi-direct
product of E11 with its vector representation, denoted E11⊗s l1. This theory possesses an
infinite number of fields which live on an infinite dimensional spacetime.
The non-linear realisation automatically provides some of the geometrical structures
for the spacetime that it contains. The tangent space group is the Cartan involution
invariant subgoup of E11, denoted Ic(E11), and it possesses a vielbein constructed from
the fields of the theory. At the lowest level these are respectively the Lorentz group and
the usual vielbein of general relativity. In this paper we will explain that the tangent space
also possesses a metric invariant under Ic(E11) analogous to the Minkowski metric that
exists in the tangent space of general relativity. We evaluate this metric at low levels in
eleven, five and four dimensions.
The existence of such an invariant tangent space metric follows from the known litera-
ture on Kac-Moody algebras. Indeed it is known that any highest weight representation of
any Kac-Moody algebra possesses an invariant metric [20]. As the tangent vectors of the
space-time belong to the vector representation it then follows from this result that they
possess an Ic(E11) invariant metric. The argument given in this paper has the advantage
that it leads to detailed formulae that are useful for the construction of the non-linear
realisation. As an application we construct an E11⊗s l1 invariant set of equations that can
be interpreted as an E11 covariant gauge fixing conditions.
Although we will mainly find the results for E11 ⊗s l1 they can easily be generalised
to the non-linear realisation of any algebra of the form G+++ ⊗s l1 and we will also apply
the method to the non-linear realisation A+++1 ⊗s l1 which is associated with gravity.
The commutators of the algebra E11 ⊗s l1 can be written in the form
[Rα, Rβ] = fαβγR
γ, [Rα, lA] = −(D
α)A
BlB (1.1)
where Rα are the generators of E11 and lA are the generators belonging to the l1 repre-
sentation. We assume that the l1 generators commute. The Jacobi identities imply that
the matrices (Dα)A
B are a representation of the E11 algebra,
[Dα, Dβ] = fαβγD
γ (1.2)
We first very briefly recall how the non-linear realisation of E11⊗s l1 is constructed. A
more complete account can be found in the review of reference [6] where further references
can be found. We first consider a group element g ∈ E11 ⊗s l1 that can be written as
g = glgE (1.3)
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In this equation gE is a group element of E11 and it can be written in the form gE = e
AαR
α
where Aα will become the fields in the non-realisation. The group element gl is formed
from the generators of the l1 representation and so has the form e
zALA where zA are the
coordinates of the generalised space-time. The fields Aα depend on the coordinates z
A.
The non-linear realisation is, by definition, invariant under the transformations
g → g0g, g0 ∈ E11 ⊗s l1, as well as g → gh, h ∈ Ic(E11) (1.4)
The group element g0 ∈ E11 is a rigid transformation, that is, it is a constant, while the
group element h belongs to the Cartan involution subalgebra of E11, denoted Ic(E11).
This latter transformation is a local transformation, that is, it depends on the generalised
space-time with coordinates zA. As the generators in gl form a representation of E11 the
above transformations for g0 ∈ E11 can be written as
gl → g0glg
−1
0 , gE → g0gE and gE → gEh (1.5)
The Cartan involution will play an important part in this paper. It is an automorphism
of the algebra, that is, Ic(AB) = Ic(A)Ic(B) for any two elements A and B of the Lie
algebra and an involution, meaning that I2c (A) = A. It takes positive root generators to
negative root generators and its action can be taken to be
Ic(R
α) = −R−α (1.6)
for any root α. The Cartan Involution subalgebra is generated by Rα − R−α. For the
finite dimensional semi-simple Lie groups the Cartan Involution invariant subalgebra is the
maximal compact subalgebra; for example for SL(2,R) the Cartan Involution subalgebra
is SO(2), while for E8 it is SO(16). Given the positive root generators one can define the
negative root generators using equation (1.6) and while it is simpler to take a minus sign
on the right-hand side for all generators the subject has developed in such a way that
one finds a plus sign for even level generators. For simplicity when explaining the general
theory in this and the next section we take equation (1.6) to hold.
The Cartan involution of equation (1.6) leads to a theory that lives in a spacetime with
Euclidean signature, but by altering the signs in the Cartan involution one can construct
a theory with a Minkowski signature when the generalised spacetime is truncated to our
usual spacetime [21]. To avoid having to take account of these signs as they propagate
through the construction it is often easier to work in Euclidean signature and then change
to Minkowski signature at the end.
The dynamics of the non-linear realisation E11 ⊗s l1 is just a set of equations of
motion, that are invariant under the transformations of equation (1.4). The reader is free
to achieve this goal in any way but the usual method is to construct the dynamics of the
the non-linear realisation using the Cartan forms which are given by
V ≡ g−1dg = VE + Vl, (1.7)
where
VE = g
−1
E dgE ≡ dz
ΠGΠ,αR
α, (1.8)
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belongs to the E11 algebra and are the Cartan form for E11 and other part of the Cartan
form which contains the generators of the l1 representation is given by
Vl = g
−1
E (g
−1
l dgl)gE = g
−1
E dz · lgE ≡ dz
ΠEΠ
AlA (1.9)
While both VE and Vl are invariant under rigid transformations, under the local
transformations of equation (1.4) they change as
VE → h
−1VEh+ h
−1dh and Vl → h
−1Vlh (1.10)
The action of a finite transformation of the E11 on the generators of the l1 represen-
tation is, by definition, given by
U(k)(lA) ≡ k
−1lAk = D(k)A
BlB, k ∈ E11 (1.11)
where D(k)A
B is the matrix representative of the finite transformation. It follows from
equation (1.1) that D(k)A
B = (eaαD
α
)A
B when k = eaαR
α
. Examining equation (1.9),
and recalling equation (1.1), we recognise EΠ
A as the representation matrix D(gE)Π
A, and
so EΠ
A = D(gE)Π
A = (eAαD
α
)Π
A. The indices on this last object are labelled according
to the role which they will play later in the theory that emerges from the non-linear
realisation.
It follows from equation (1.5) that the coordinates are inert under the local transfor-
mations but transform under the rigid transformations as
zAlA → z
A′lA = g0z
AlAg
−1
0 = z
ΠD(g−10 )Π
AlA (1.12)
where D(g−10 )Π
A is the representation matrix of equation (1.11). When written in matrix
form the differential transformations act as dzT → dzT ′ = dzTD(g−10 ). On the other hand
the derivative ∂Π ≡
∂
∂zΠ
in the generalised space-time transforms as ∂′Π = D(g0)Π
Λ∂Λ.
Again the use of different indices will correspond to the interpretation of these objects
that follows from the non-linear realisation.
The Cartan form is inert under the rigid g0 transformations of equation (1.4). How-
ever, the generalised vielbein EΠ
A, defined in equation (1.9), occurs in the combination
dzΠEΠ
A and as such it undergoes a transformation induced by the rigid g0 transformation
of equation (1.12) on dzΠ, which also acts on the Π index of EΠ
A. Under a local Ic(E11)
transformation, EΠ
A transforms on its A index as governed by equation (1.10). We may
summarise these two results as
EΠ
A′ = D(g0)Π
ΛEΛ
BD(h)B
A or (E−1)A
Π′ = D(h−1)A
B(E−1)B
ΛD(g−10 )Λ
Π (1.13)
Thus EΠ
A transforms under a local Ic(E11) transformation on its A index and by a
rigid E11 induced coordinate transformation of the space-time on its Π index. Thus we
can interpretation of EΠ
A as a vielbein of the space-time which possesses a tangent space
with the tangent group Ic(E11).
2 The tangent space metric
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As we have discussed above, the spacetime, contained in the E11 ⊗s l1 non-linear
realisation, possesses a tangent space with a tangent group Ic(E11) and so we can consider
tangent space objects, such as V A, whose transformation is defined to be [7]
V A′lA = h
−1V AlAh h ∈ Ic(E11) (2.1)
Such infinitesimal transformations for the group element h = 1 + aα(R
α − R−α) can be
written as
V A′ = V BD(h)B
A = V A + V B(Dα −D−α)B
Aaα + . . . (2.2)
One can use the vielbein of equation (1.9) to convert world to tangent vectors and
tensors and vice-versa, that is, V Π = V A(E−1)A
Π. The world object V Π is inert under
local Ic(E11) transformations but it does transform under local transformations as given
in equation (1.13) in reference [7].
We will now show that the generalised tangent space possesses a metric which is
invariant under the tangent space group Ic(E11). This is the analogue of the tangent space
metric of general relativity, that is, the Minkowski metric, which is of course invariant under
the local Lorentz transformations of general relativity found in the vielbein formalism. The
Cartan involution will play an important role in this construction.
The Cartan involution swaps negative with positive roots, and so the corresponding
generators. As such it exchanges raising with lowering generators when they act on a
representation and so it will take a highest weight representation into a lowest weight
representation and visa-versa. Despite being sometimes carelessly labelled, the l1 repre-
sentation is in fact a lowest weight representation and under the action of Ic it will lead
to a highest weight representation. We denote this latter representation by l¯1 and its
components by l¯A. The action of Ic on the l1 representation can be written as
Ic(lA) = −J
−1
AB l¯
B (2.3)
where JAB is a constant matrix. One can take JAB = δAB but in certain cases it is
desirable to have it be a non-trivial constant invertible matrix.
We can write the commutators of the generators of E11 with the generators of l¯1 as
[Rα, l¯A] = l¯B(D¯α)B
A (2.4)
where the matrices (D¯α) obey the E11 commutation relation [(D¯
α), (D¯β)] = fαβγ(D¯
γ)
as a consequence of the Jacobi identities. Acting with the Cartan involution on equation
(2.3) and using equations (1.1) and (2.4) we conclude that
D¯α = (JD−αJ−1)T (2.5)
From the l1 and l¯1 representations we can construct a map l1 ⊗ l¯1 → C which is
E11 invariant. Let us denote the value of the map by NA
B ≡ (lA, l¯
B); whereupon being
invariant means that ([Rα, lA], l¯
B) + (lA, [R
α, l¯B]) = 0, or equivalently, that
DαN = ND¯α (2.6)
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Using equation (2.5) to eliminate D¯α we find that
DαK = K(D−α)T (2.7)
where the object K is defined by
K = N(J−1)T (2.8)
The object K will turn out to be the invariant metric we seek.
Taking the double transpose of equation (2.7) and we find that
Dα = ((Dα)T )T = (K−1(D−α)K)T = (K)T (D−α)T (K−1)T = (K)TK−1(Dα)K(K−1)T
(2.9)
Rewriting this equation we have that
K(K−1)TDα = DαK(K−1)T (2.10)
Schur’s lemma then allows us to conclude that K(K−1)T = 1 and so
K = KT (2.11)
Using this last result we can rewrite equation (2.7) in the form
DαK = (D−αK)T (2.12)
which tells us how the representation matrix DαK behaves under transposition. As a
result
(Dα ±D−α)K = ±((Dα ±D−α)K)T (2.13)
We note that (Dα −D−α)K is an antisymmetric matrix. An obvious consequence is that
(Dα −D−α)K +K(Dα −D−α)T = 0 (2.14)
As (Dα−D−α) is an Ic(E11) transformation in the vector representation we conclude that
K is an invariant tensor of Ic(E11) and so it is the invariant metric that we seek.
The tangent space object V A, transforms as in equation (2.2) and as a result we find,
using equation (2.13), that the quantity
∆ = V AKABV
B = V TKV (2.15)
is invariant.
We can use the metric KAB to lower the tangent index on the tangent vector V
A as
follows WA = V
BKBA and one finds, using equation (2.25), that
δWA = −(D
α −D−α)A
BaαWB (2.16)
We note that if we take the tangent objects to be infinitesimal distances, that is,
V A = dzΠEΠ
A we can write an invariant distance in the generalised spacetime which is
given by
ds2 = dzΠgΠΛdz
Λ, or gΠΛ = EΠ
AKABEΛ
B
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Although we have explained the construction of the tangent space metric for the non-
linear realisation E11⊗s l1 the method used applies equally well to the non-linear realisation
of any algebra of the form G+++ ⊗s l1 and indeed any algebra which is the semi-direct
product of any Lie algebra G with one of its representations l, that is, G⊗s l.
3. The invariant tangent space metric in various dimensions
We now apply the theory of section two to find the invariant tangent space metric in
the E11 ⊗s l1 non-linear realisation in eleven, five and four dimensions and also the non-
linear realisation of the algebra A+++1 ⊗ l1 which leads to gravity. However, we will begin
by considering the non-linear realisation of the simpler algebra IGL(D) ≡ GL(D)⊗s T
D.
3.1 IGL(d) and Gravity
The discussion of section two is a bit abstract so we first apply it in the most well known
context of gravity which emerges as the non-linear realisation of the group IGL(D) [8,9]
provided one chooses appropriately the constants that appear in the resulting equations of
motion. In this case the l1 representation is the vector representation of GL(D), denoted
TD and whose corresponding generators are just the usual space-time translations denoted
by Pa. We denote the generators of GL(D) by K
a
b and the semi-direct product algebra
IGL(D) ≡ GL(d)⊗s T
D is given by
[Kab, K
c
d] = δ
c
bK
a
d − δ
d
aK
c
b, [K
a
b, Pc] = −δ
a
cPb (3.1.1)
Given the vectors ea, a = 1, 2, . . . , D, which obey (ea, eb) = δab, the roots of GL(D) can be
written as ea−eb and so they are labelled by a pair of integers (a, b). The simple roots are
given by αa = ea−ea+1. The action of the Cartan involution takes the root corresponding
to (a, b) to the root corresponding to (b, a) and the effect on the generators is Ic(K
a
b) =
−Kba. The Cartan involution invariant subalgebra is generated by δaeK
e
b−δbeK
e
a giving
the algebra SO(D). As explained above, if we scatter some signs in the action of the Cartan
involution we would find the Minkowski metric ηae rather than the Euclidean metric δab
in the last equation.
The l1 representation of equation (3.1.1) has the matrix (D
a
b)c
d = δac δ
d
b . From our
discussion just above we find that if Dα corresponds to Dab then D
−α corresponds to
Dba. The Cartan involution takes us from the l1 representation to a representation l¯1
which contains the generators P¯ a. Its action is given by Ic(Pa) = −P¯
a, which means we
have taken Jab = δab in equation (2.3), and the commutator of equation (2.4) takes the
form
[Kab, P¯
c] = δcb P¯
a (3.1.2)
from which we identify (D¯ab)d
c = δadδ
c
b .
Denoting the scalar product between the Pa and P¯
a representations by Na
b = (Pa, P¯
b)
we find that it is SL(D) invariant if ([Kab, Pc], P¯d) + (Pc, [K
a
b, P¯
d) = 0. Using equations
(3.1.1) and (3.1.2) we find that Na
b = δba. As a result we find that the invariant metric
is Kab = δab. It obviously satisfies equation (2.11), that is, K
T = K. The identity of
equation (2.12) is satisfied and takes the form Dab = (D
b
a)
T .Equation (2.14) is just the
well known fact that the tangent space metric δab is preserved by SO(D) transformations.
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Of course we have not found any result which is new in this last section, however, we have
derived them in a way which applies to the more sophisticated spacetimes which arise in
the non-linear realisations being considered in this paper.
3.2 E11 in eleven dimensions
The E11⊗s l1 theory has been discussed extensively, in particular, the book of reference
[10] gives a detailed account of the algebra and its mathematical underpinning while the
papers [4,11, 12,13] contain a discussion of the physical application. We obtain the eleven
dimensional theory by deleting node 11 from the Dynkin diagram of E11:
⊗ 11
|
• − • − • − • − • − • − • − • − • − •
1 2 3 4 5 6 7 8 9 10
and we decompose the E11 ⊗s l1 algebra into representations of the remaining algebra
which is GL(11). Up to level 3, the non-negative level generators of E11 are:
Kab; R
a1a2a3 ; Ra1...a6 ; Ra1...a8,b. (3.2.1)
The negative level generators of E11, up to level 3, are:
Ra1a2a3 ; Ra1...a6 ; Ra1...a8,b. (3.2.2)
The action of the Cartan involution subalgebra is defined in equation (2.6). In eleven
dimensions, it is given by:
Ic(K
a
b) = −K
b
a, Ic(R
a1a2a3) = −Ra1a2a3 ,
Ic(R
a1...a6) = Ra1...a6 , Ic(R
a1...a8,b) = −Ra1...a8,b. (3.2.3)
The reader will notice that one of the above relations has a plus sign rather than the
universal minus sign of equation (1.6). The sign one chooses is a matter of convention as
it is used to define the way the negative root generators occur in the algebra. In order
to agree with the many the previous E11 papers we adopt this plus sign and modify the
general theory of section two to take account of it. Up to level 3, the l1 representation
contains the following generators:
Pa; Z
a1a2 ; Za1...a5 ; Za1...a8 , Za1...a7,b, . . . , (3.2.4)
and the l¯1 generators, down to level -3, are:
P¯ a; Z¯a1a2 ; Z¯a1...a5 ; Z¯a1...a8 , Z¯a1...a7,b, . . . . (3.2.5)
The commutators of the E11 ⊗s l1 algebra are given the book of reference [10]. The
commutators of the l1 and l¯1 generators with the E11 generators are given in Appendix
A.1.
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The action of the Cartan involution on the l1 generators is given by
Ic(Pa) = −P¯
a, Ic(Z
a1a2) = −Z¯a1a2 , Ic(Z
a1...a5) = −Z¯a1...a5 ,
Ic(Z
a1...a8) = −Z¯a1...a8 , Ic(Za1...a7,b) = −Z¯a1...a7,b. (3.2.6)
From equation (2.15), we note that this action of the Cartan involution subalgebra defines
the object JAB to be given by JAB = δAB.
The group element g = glgA in the eleven dimensional theory can be written as
gl = exp (x
aPa + xa1a2Z
a1a2 + xa1...a5Z
a1...a5 + xa1...a8Z
a1...a8 + xa1...a7,bZ
a1...a7,b) . . .
(3.2.7)
gA = exp(ha
bKab) exp(Aa1...a8,bR
a1...a8,b) exp(Aa1...a6R
a1...a6) exp(Aa1a2a3R
a1a2a3) . . .
(3.2.8)
where the parameters in gl
xa; xa1a2 ; xa1...a5 ; xa1...a8 , xa1...a7,b . . . , (3.2.9)
can be interpreted as the coordinates of the space-time. While the parameters of gE are
the fields
ha
b; Aa1a2a3 ; Aa1...a6 ; Aa1...a8,b, . . . . (3.2.10)
which live on the space-time. These above explicitly listed fields correspond to the graviton,
the three and six form gauge fields, and the dual graviton, respectively. In writing the group
element gE of equation (3.2.10) we have used the local symmetry Ic(E11) to set to zero all
the negative level fields.
The tangent object introduced in section 2 has the components
V A = (T a, Ta1a2 , Ta1...a5 , Ta1...a8 , Ta1...a7,b, . . .), (3.2.11)
in eleven dimensions. The level zero transformations of Ic(E11) are just local Lorentz
transformations. The infinitesimal transformation h ∈ Ic(E11) which contains generators
at levels plus and minus one is given in eleven dimensions by
h = 1− Λa1a2a3(R
a1a2a3 − ηa1b1ηa2b2ηa3b3Rb1b2b3). (3.2.12)
By taking multiple commutators of the generator that appears in this last equation one
finds all the generators of Ic(E11). It follows that if a theory is invariant under these
Ic(E11) transformations it is invariant under all Ic(E11) transformations.
The Ic(E11) transformations of the tangent objects are given in equation (2.2) and
using the commutators of E11 generators and the l1 generators given in the appendix A.1
we find that, up to the level considered
δT a = −6Λa1a2aTa1a2 ,
δTa1a2 = 3Λa1a2bT
b − 60Λb1b2b3Tb1b2b3a1a2 ,
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δTa1...a5 = Λ[a1a2a3Ta4a5] + 42Λ
b1b2b3Tb1b2b3a1...a5 − 378Λ
b1b2b3Tb1b2b3[a1...a4,a5],
δTa1...a8 = −Λ[a1a2a3Ta4...a8],
δTa1...a7,b = T[a1...a5Λa6a7]b − T[a1...a5Λa6a7b], (3.2.13)
where indices are raised and lowered with the Minkowski metric.
We now want to find the metric which is invariant under the action of the Cartan
involution subalgebra for the eleven dimensional theory. This metric was defined in general
in equation (2.8). We will now derive it in two ways. Firstly, we will derive it using the
general theory of section two, that is, we will construct the invariant map NA
B, discussed
above equation (2.6), and then find the invariant tangent space metric using equation
(2.8). We will also find the invariant metric by using the above transformations of the
tangent objects under Ic(E11) transformations given in equation (3.2.13) and then find the
invariant metric, by explicit construction.
We begin by using the first method, that is, by first finding the invariant NA
B ≡
(lA, l¯
B) constructed from the l1 and l¯1 representations using the fact that it is invariant
under E11 transformations. As discussed in section 3.1 we find that Na
b = δba = (Pa, P¯
b)
using the fact that Na
b is invariant under SL(11) transformations. To find (Za1a2 , Z¯b1b2),
we note that E11 invariance of the scalar product implies that
([Ra1a2a3 , Pb], Z¯c1c2) + (Pb, [R
a1a2a3 , Z¯c1c2 ]) = 0. (3.2.14)
and so
3δ
[a1
b (Z
a2a3], Z¯c1c2)− 6δ
[a1a2
c1c2
(Pb, P¯
a3]) = 0, (3.2.15)
We conclude that [14]
(Za1a2 , Z¯b1b2) = 2δ
a1a2
b1b2
. (3.2.16)
Proceeding in the same way we find that
NA
B =


δba 0 0 0 0
0 2δa1a2b1b2 0 0 0
0 0 5!δa1...a5b1...b5 0 0
0 0 0 7!δa1...a8b1...b8 0
0 0 0 0 9(7!)δa1...a7,ab1...b7,b

 (3.2.17)
where δa1...a7,ab1...b7,b = δ
a1...a7
b1...b7
δab − δ
a1...a7a
b1...b7b
and δa1...anb1...bn = δ
[a1
b1
. . . δ
an]
bn
.
The Ic(E11) invariant metric was given in equation (2.8) by K = N(J
−1)T , where we
have omitted the indices. As we noted above in the eleven dimensional theory, we have
JAB = δAB. As a result we find, up to the levels considered, that
KAB =


ηab 0 0 0 0
0 2δa1a2,b1b2 0 0 0
0 0 5!δa1...a5,b1...b5 0 0
0 0 0 7!δa1...a8,b1...b8 0
0 0 0 0 9(7!)δa1...a7,a,b1...b7,b


(3.2.18)
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We have defined δa1...a7,a,b1...b7,b = δa1...a7,b1...b8δab−δa1...a7a,b1...b7b and δa1...anb1...bn = δ
[a1
b1
δa2b2 . . . δ
an]
bn
as usual.
We now recover the same result using the second method, that is, by using the trans-
formations of the tangent space vectors found in equation (3.2.13). We simply write down
the most general expression that is quadratic in the tangent objects and determine the
coefficients by explicitly testing if it is invariant under these transformations. The result
is
∆ = T aTa + 2T
a1a2Ta1a2 + 5!T
a1...a5Ta1...a5 + 7!T
a1...a8Ta1...a8
+9(7!)T a1...a7,bTa1...a7,b . . . (3.2.19)
which agrees with the above found expression for KAB of equation (3.2.18).
3.3 E11 in 5 dimensions
The five dimensional theory has been discussed in [13,15]. We obtain the five dimen-
sional theory by deleting node 5 from the Dynkin diagram of E11:
• 11
|
• − • − • − • − ⊗ − • − • − • − • − •
1 2 3 4 5 6 7 8 9 10
and decomposing the E11⊗s l1 algebra into representations of the remaining algebra which
is GL(5)×E6. In this paper we are interested in the tangent space which has the tangent
group Ic(E11) and as a result we will decompose the algebra E11⊗s l1 into representations
of the level zero tangent space group, that is, Ic(GL(5) ⊗ E6) = SO(5) ⊗ Usp(8) rather
than GL(5)⊗E6. The five dimensional theory in this decomposition was discussed in [13].
Up to level 3, the non-negative level generators of E11 algebra when decomposed in
this way are
Kab, R
α1α2 , Rα1...α4 ; Raα1α2 ; Ra1a2α1α2 ; R
a1a2a3α1α2 , Ra1a2a3α1...α4 , Ra1a2,b. (3.3.1)
where α1, α2, . . . = 1, . . . , 8, and we use the Usp(8) invariant, antisymmetric metric Ωα1α2
and its inverse to raise and lower indices as follows T β = ΩβγTγ , Tα = ΩαβT
β and so
ΩαβΩ
βγ = δγα. The lower case Latin indices correspond to 5-dimensional fundamental rep-
resentation of GL(5) (a, b, c, ... = 1, ..., 5). The above generators also obey the relations
Rα1α2 = R(α1α2), Ra1a2a3α1α2 = Ra1a2a3(α1α2), R[a1a2, b] = 0 while the indices on all the
other generators are antisymmetric and Ωα1α2 traceless, for example R
α1...α4Ωα1α2 = 0.
The generators Rα1α2 are the generators of Usp(8) which together with the generators
Rα1...α4 form the algebra E6. The generators R
aα1α2 and Ra1a2α1α2 belong to the 27 and
27-dimensional representations of E6 respectively.
The negative level generators of the E11 algebra, down to level -3, are
Raα1α2 ; Ra1a2
α1α2 ; Ra1a2a3α1α2 , Ra1a2a3α1...α4 , Ra1a2,b. (3.3.2)
Up to level 3, the l1 representation decomposes into the following generators
Pa; Zα1α2 ; Z
a
α1α2 ; Z
a1a2α1α2 , Za1a2α1...α4 , Zab (3.3.3)
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where Za1a2α1α2 = Za1a2(α1α2) and Zab does not have any symmetries on its indices. The
commutators of the E11 ⊗s l1 algebra in its five dimensional formulation can be found in
[13,15]. The commutators of the E11 generators with those of the l1 and l¯1 representations
can be found in appendix A.2.
In the five dimensional theory, the group element g = glgA can be written as
gl = e
(xaPa+xα1α2Z
α1α2+xa
α1α2Zaα1α2+xa1a2α1α2Z
a1a2α1α2+xa1a2α1...α4Z
a1a2α1...α4+xabZ
ab) . . .
(3.3.4)
gA = e
ha
bKabeϕα1α2R
α1α2+ϕα1...α4R
α1...α4 )eAa1a2
α1α2Ra1a2α1α2 eAaα1α2R
aα1α2
. . . (3.3.5)
where, gl is parametrised by
xa; xα1α2 ; xa
α1α2 ; . . . (3.3.6)
which we interpret as the coordinates of the space-time. We have parametrised gA by
ha
b, ϕα1α2 , ϕα1...α4 ; Aaα1α2 ; Aa1a2
α1α2 ; . . . . (3.3.7)
which are the fields living on the space-time and we have set the coefficients of the negative
level generators in the group element to zero using the local symmetry Ic(E11).
The tangent space has the components
TA = (T a, Tα1α2 , Taα1α2 , . . .). (3.3.8)
The level zero transformations of Ic(E11) are local Lorentz and Usp(8). At the next levels,
the infinitesimal transformation h ∈ Ic(E11) is:
h = 1− Λaα1α2(R
aα1α2 − ηabΩα1β1Ωα2β2Rbβ1β2). (3.3.9)
Similarly to previous sections, we can construct any generator of Ic(E11) by taking multiple
commutators of the generator in this equation. Therefore, if a theory is invariant under
these transformations, it is invariant under all Ic(E11) transformations.
Substituting the Ic(E11) transformation of equation (3.3.9) into equation (2.2) and
using the commutators of E11 generators and the l1 generators given in Appendix A.2, we
find that
δT a = −2Λaα1α2Tα1α2 ,
δTα1α2 = Λaα1α2T
a + 4Λa[α1|
γTa|α2]γ −
1
2
Ωα1α2Λ
aβ1β2Taβ1β2 ,
δTaα1α2 = −4Λa[α1
γTα2]γ +
1
2
Ωα1α2Λa
β1β2Tβ1β2 . (3.3.10)
The Cartan involution subalgebra invariant tangent space metric for the five dimen-
sional theory is constructed by writing the most general expression quadratic in the tan-
gent space quantities and examining if it is invariant under the transformations of equation
(3.3.10). We find that the invariant tangent space element is given by
∆ = KABV
AV B = T aTa + T
α1α2Tα1α2 − 2T
aα1α2Taα1α2 + . . . (3.3.11)
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and reading off the metric we find it is given by
KAB =


ηab 0 0
0 2(Ωα1[β1Ω|α2|β2] − 18Ω
α1α2Ωβ1β2) 0
0 0 +2(Ωα1[β1Ω|α2|β2] − 18Ω
α1α2Ωβ1β2)


(3.3.12)
We note that had we used the method of section two which showed that an invariant
tangent space metric exists to all level then we would have required the l¯1 representation.
The commutators of these generators with those of E11 are given in appendix A.2 for those
that want to derive the result using this method.
3.4 E11 in 4 dimensions
The four dimensional theory has been discussed in [16]. We obtain the four dimen-
sional theory by deleting node 4 from the Dynkin diagram of E11:
• 11
|
• − • − • − ⊗ − • − • − • − • − • − •
1 2 3 4 5 6 7 8 9 10
and decomposing the E11⊗s l1 algebra into representations of the remaining algebra which
is the GL(4) × E7 algebra. Up to level 3, the non-negative level generators of the E11
algebra, decomposed into the GL(4)⊗ SL(8) representation, are given by
Kab, R
I
J ; R
I1...I4 ; RaI1I2 , RaI1I2 ; Kˆ
ab; Ra1a2IJ , R
a1a2I1...I4 , . . . . (3.4.1)
The negative level generators are given by
RaI1I2 ; Ra
I1I2 ; Ra1a2
I
J , Ra1a2I1...I4 , . . . . (3.4.2)
The l1 representation decomposes into the following generators
Pa; Z
I1I2 , ZI1I2 ; Z
a, ZaIJ , Z
aI1...I4 , . . . (3.4.3)
We will be working with the tangent group Ic(E11) which at level zero, is SO(1, 3)⊗
SU(8) = Ic(GL(4)×E7) and so we further decompose the E11 algebra into this subalgebra.
The generators of Ic(E11) are given by
Jab = K
a
b −K
b
a, J
I
J = K
I
J −K
J
I , S
I1...I4 = RI1...I4 − ⋆RI1...I4 ,
SaI1I2± = R
aI1I2 − R˜aI1I2 ± i(R
a
I1I2 + R˜a
I1I2)
Sa1a2IJ = R
a1a2I
J−R˜a1a2
J
I , S
a1a2I1···I4 = Ra1a2I1···I4+⋆R˜a1a2
I1···I4 , Sab = Kˆab−
˜ˆ
Kab, . . .
(3.4.4)
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The remaining generators in E11 are
T ab = K
a
b +K
b
a, T
I
J = K
I
J +K
J
I , T
I1...I4 = RI1...I4 + ⋆RI1...I4 ,
T aI1I2± = R
aI1I2 + R˜aI1I2 ± i(R
a
I1I2 − R˜a
I1I2)
T a1a2IJ = R
a1a2I
J+R˜a1a2
J
I , T
a1a2I1···I4 = Ra1a2I1···I4−⋆R˜a1a2
I1···I4 , Sab = Kˆab+
˜ˆ
Kab, . . .
(3.4.5)
The E11 algebra expressed in terms of the above generators can be found in reference [16].
The l1 representation when decomposed into representation of SO(1, 3) ⊗ SU(8) is
given by
Pa, Z±
I1I2 , Za, ZI1...I4+ , Z
I1...I4
− , Z
a
A
I
J , , Z
a
S
I
J , . . . (3.4.6)
In terms of the objects of equation (3.4.3) the above are defined by
Z±
I1I2 = ZI1I2 ± iZI1I2 , Z
aI1...I4
+ = Z
aI1...I4 +
1
4!
ǫI1...I4K1...K4Z
aK1...K4 ,
ZaI1...I4− = Z
aI1...I4−
1
4!
ǫI1...I4K1...K4Z
aK1...K4 , ZaA
I
J =
1
2
(ZaIJ−Z
aJ
I), Z
a
S
I
J =
1
2
(ZaIJ+Z
aJ
I).
(3.4.7)
Using appendix A.3, the commutators of the Ic(E11) generators S
aI1I2
± with the gen-
erators of the L1 representation can be found to be given by
[Sa±
I1I2 , Pb] = δ
a
bZ±
I1I2 , [Sa±
I1I2 , Z±J1J2 ] = −Z
aI1I2
+ J1J2 ± 2iδ
[I1
[J1
ZaSJ2]
I2],
[Sa±
I1I2 , Z∓J1J2 ] = −4δ
I1I2
J1J2
Pa ± 2iδ
I1I2
J1J2
Za − ZaI1I2− J1J2 ± 2iδ
[I1
[J1
ZaAJ2]
I2]
[Sa±
I1I2 , Zb] = ∓2iδbaZ±
I1I2 , [S±a
I1I2 , ZbSJK ] = ±8iδ
b
aδ
[I1
[J Z∓
I2]
K]
[S±a
I1I2 , ZbAJK ] = ∓8iδ
b
aδ
[I1
[J Z±
I2]
K],
[Sa±
I1I2 , ZbJ1...J4+ ] = 12δ
b
a(δ
I1I2
[J1J2
Z∓J3J4] +
1
4!
ǫJ1...J4I1I2K1K2Z∓K1K2),
[Sa±
I1I2 , ZbJ1...J4− ] = 12δ
b
a(δ
I1I2
[J1J2
Z±J3J4] −
1
4!
ǫJ1...J4I1I2K1K1Z±K1K2), (3.4.8)
The commutators of the E11 ⊗s l1 algebra when decomposed into representations of
GL(4)⊗ SU(8) can be found in reference [16], while the commutators of the generators of
E11 with the l1 and l¯1 generators are given in appendix A.3.
In the four dimensional theory, the group element g = glgA may be written as
gl = exp(x
aPa + x±I1I2Z
±I1I2 + xˆaZ
a+
x+I1...I4Z
I1...I4
+ + x
+
I1...I4
ZI1...I4+ + x
−
I1...I4
ZI1...I4− ,+x
A
a I
JZaA
I
J + x
S
a I
JZaS
I
J + . . .) (3.4.9)
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gA =exp (ha
bKab) exp (ϕI
JRIJ) exp (ϕI1...I4R
I1...I4) exp (hˆabKˆ
(ab))×
exp (Aa1a2
J
IR
a1a2I
J ) exp (Aa1a2I1...I4R
a1a2I1...I4) exp (AaI1I2R
aI2I2 + Aa
I1I2RaI1I2)
(3.4.10)
We have parametrised gl by
xa; x±I1I2 ; xˆa, x
−
I1...I4
, x+I1...I4 , x
S
a I
J , xAa I
J . . . (3.4.11)
which we interpret as the coordinates of the generalised space-time. While we parametrised
gA by the quantities
ha
b, ϕI
J , ; AaI1I2 , Aa
I1I2 ; hˆab, Aa1a2
I
J , Aa1a2I1...I4 . (3.4.12)
which are the fields of the theory living on the generalised space-time. In writing the group
element we have used the local Ic(E11) symmetry to set to zero all the coefficients of the
negative level generators in the group element.
We may raise and lower the lower case latin (Lorentz) indices with δab, and similarly we
raise and lower the capital latin (internal) indices with δIJ and their inverses respectively.
The tangent object in four dimensions contains the components
V A = (V a, V±I1I2 , Vˆa, V
+
I1...I4
, V −I1...I4 , V
S
a I
J , V Aa I
J , . . .). (3.4.13)
The level zero transformations of Ic(E11) are local Lorentz and SU(8) transformations. In
four dimensions the infinitesimal transformation h ∈ Ic(E11) at the next levels are of the
form
h = 1−
∑
±
Λa±I1I2S
aI1I2
± (3.4.14)
We may construct any generator of Ic(E11) by simply taking multiple commutators of the
generator that occurs in this equation.
Substituting the above Ic(E11) transformation into equation (2.2) and using the com-
mutators of E11 generators with the l1 generators, given in Appendix A.3, we find that
δV a = −4
∑
±
Λa±J1J2V∓
I1I2
δV±I1I2 = Λa±I1I2V
a ∓ 2iΛa±I1I2 Vˆ
a + 24Λa∓J1J2V
+
a
J1J2
I1I2 + 24Λa±J1J2V
−
a
J1J2
I1I2
∓8iΛa±J [I1V
A
a
J
|I2] ∓ 8iΛa∓J [I1V
S
a
J
|I2]
δVˆa = 2i
∑
±
±Λa±I1I2V∓
I1I2
δV +a I1...I4 = −
1
2
∑
±
(Λa±[I1I2V±I3I4] +
1
4!
ǫI1...I4
K1...K4Λa±K1K2V±K3K4),
δV −a I1...I4 = −
1
2
∑
±
(Λa±[I1I2V∓I3I4] −
1
4!
ǫI1...I4
K1...K4Λa±K1K2V∓K3K4)
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δV aS IJ = −
∑
±
±2iΛa±L(JV±I)
L, δV aAIJ = −
∑
±
±2iΛa±L[JV∓I]
L (3.4.15)
The Cartan involution subalgebra, Ic(E11), invariant tangent space metric for the
four dimensional theory is constructed by writing the most general expression quadratic
in the tangent space quantities and examining if it is invariant under the transformations
of equation (3.4.10). We find that the invariant quantity is given by
∆ = KABV
AV B = V aVa + 4
∑
±
V±I1I2V∓
I1I2 + 4VˆaVˆ
a + 24V +I1...I4V
+I1...I4
+24V −I1...I4V
−I1...I4 + 4V Sa
I
JV
Sa
I
J + 4V Aa
I
JV
Aa
I
J + . . . (3.4.16)
Reading off the invariant metric we find that it is given, up to the levels considered, by
KAB =


δab 0 0 0 0 0 0 0
0 0 4δI1I2,J1J2 0 0 0 0 0
0 4δI1I2,J1J2 0 0 0 0 0 0
0 0 0 4δab 0 0 0 0
0 0 0 0 24δI1...I4,J1...J4 0 0 0
0 0 0 0 0 24δI1...I4,J1...J4 0 0
0 0 0 0 0 0 4δabδIKδ
JL 0
0 0 0 0 0 0 0 4δabδIKδ
JL


(3.4.17)
3.5 A+++1
It has been conjectured that the non-linear realisation of the semi-direct product of
A+++1 with its first fundamental, or vector, representation, denoted by A
+++
1 ⊗s l1, leads
to the complete low energy effective action for four dimensional gravity [17]. Here we have
denoted the very extension of A1 by A
+++
1 . The four dimensional theory appears when
we delete node 4 in the Dynkin diagram,
• − • − • = ⊗
1 2 3 4
and decompose the algebra into the remaining algebra which is GL(4). Up to level 2, the
non-negative level generators of the decomposed A+++1 algebra are given by [18]
Kab;R
ab; Rab,cd, (3.5.1)
which obey Rab = R(ab) and Rab,cd = Rab,(cd) = R[ab],cd, while the negative level generators
are given by
Rab; Rab,cd. (3.5.2)
Up to level 2, the l1 representation contains the following generators
Pa; Z
a; Zabc, Zab,c, (3.5.3)
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where Zabc = Z(abc), Zab,c = Z [ab],c and Z [ab,c] = 0. The commutators of the A+++1 ⊗s l1
algebra is given in reference [18].
The group element g = glgA can be written as
gl = exp (x
aPa + yaZ
a + xabcZ
abc + xab,cZ
ab,c),
gA = exp (ha
bKab) exp (Aab,cdR
ab,cd) exp (AabR
ab). (3.5.4)
in which gl is parametrised by the space-time coordinates
xa; ya; xabc, xab,c, (3.5.5)
and gA is parametrised by the fields
ha
b;Aab;Aab,cd, (3.5.6)
which live on the space-time and have the same symmetries as their corresponding gener-
ators. The coefficients of the negative level generators in gA are set to zero using the local
symmetry Ic(A
+++
1 ). The field ha
b is the graviton, while Aab is the dual graviton.
The components of the tangent object is given by
V A = (T a, Tˆa, Tabc, Tab,c, . . .). (3.5.7)
The level zero transformations of Ic(E11) are SO(4). At the next levels, the infinitesimal
transformation h ∈ Ic(A
+++
1 ) is of the form
h = 1− Λab(R
ab − ηabηcdRcd). (3.5.8)
Again, we may construct any generator of Ic(A
+++
1 ) by taking multiple commutators of
the generators in the above equation.
Substituting the Ic(A
+++
1 ) transformation of equation (3.5.8) into equation (2.2) and
using the commutators given in Appendix A5, we find
δT d = −2ΛcdTˆc, δTˆd = ΛcdT
c − 2ΛceTced −
8
3
ΛceTdc,e,
δTabc = Λ(abTˆc), δTab,c = Λc[aTˆb]. (3.5.9)
where indices are raised and lowered with the Kronecker delta.
The tangent space metric which is invariant under the Cartan involution invariant
subalgebra is found to be given by
KABV
AV B = T aTa + 2TˆaTˆ
a + 4TabcT
abc +
16
3
Tab,cT
ab,c + . . . , (3.5.10)
and we find that the invariant metric, up to the levels considered, is given by
KAB =


δab 0 0 0
0 2δab 0 0
0 0 4δabc,def 0
0 0 0 163 (δ
ab,deδcf − δabc,def )

 (3.5.11)
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4. The gauge fixed multiplet
In this section we use the invariant metric discussed above to construct an invariant
set of E11 ⊗s l1 equations. We will see that these can be interpreted as gauge fixing
conditions. The E11 Cartan forms are defined in equation (1.8). When the R
α generators
are taken to belong to the l1 representation and the first index, which is associated with
the l1 representation, is taken to be a tangent index the Cartan form can be written as
[19]
GA,B
C ≡ EA
ΠGΠ,B
C = EA
ΠGΠ,α(D
α)B
C = EA
ΠEB
Λ∂ΠEΛ
C . (4.1)
This quantitity is invariant under the rigid E11⊗s l1 transformations of equation (1.4) but
it transforms under the local Ic(E11) transformations as its indices indicate.
Equipped with the invariant tangent metric we can consider the quantity
GC ≡ KABGA,B
C , (4.2)
which transforms under the local Ic(E11) transformations on its remaining uncontracted
index C. Indeed it transforms like the tangent quantity V A of equation (2.2). Clearly, we
can set
GC = 0, (4.3)
and still preserve the symmetries of the non-linear realisation.
At the linearised level
GA,B
C = ∂AEB
C = ∂AAα(D
α)B
C , (4.4)
since EΠ
A = (eA)Π
A where AB
C = Aα(D
α)B
C . As a result
GC = KAB∂AAα(D
α)B
C = ηab∂aAα(D
α)b
C + . . . , (4.5)
where + . . . means terms involving higher level derivatives. We recall that
[Rα, Pb] = −(D
α)b
C lC , (4.6)
and so we can read off this matrix from the algebra and find the linearised result in a
simple way. We now evaluate this quantity GC for the E11 ⊗s l1 in eleven, five and four
dimensional non-linear realisation.
4.1 Eleven dimensions
We will now evaluate the quantity of equation (4.2) in the eleven dimensional theory
in terms of the fields of equation (3.2.10). This depends on the generalised vielbein EΠ
A
which was given in terms of these fields, up to level three, in equation (4.3) of reference
[18]. We will denote the generalised space-time derivatives with respect to the coordinates
of equation (3.2.9) by
∂Π = {∂a; ∂
a1a2 ; ∂a1...a5 ; ∂a1...a8 , ∂a1...a7,b, . . .}. (4.1.1)
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Substituting the generalised vielbein into the Cartan form of equation (4.1) and con-
tract ing the resulting Cartan form with the metric KAB of equation (3.2.18) we find the
object GC has the components
KABGA,B
c = (det e)
1
2 (∂aha
c −
1
2
∂cha
a), (4.1.2)
KABGA,Bc1c2 = (det e)
1
2
(
− 3∂aAac1c2 − ∂[c1|a|hc2]
a −
1
4
∂c1c2ha
a
)
, (4.1.3)
KABGA,Bc1...c5 = −(det e)
1
2
(
3∂aAac1...c5−
1
2
∂[c1c2Ac3c4c5]−
1
24
∂[c1...c4|a|hc5]
a−
1
240
∂c1...c5ha
a
)
,
(4.1.4)
KABGA,Bc1...c8 = −(det e)
1
2
(3
2
∂aAc1...c8,a +
1
2
∂[c1c2Ac3...c8] +
1
120
∂[c1...c5Ac6c7c8]
+
1
630
(∂[c1...c7|a|hc8]
a +
1
120× 84
∂c1...c8hd
d)
)
, (4.1.5)
KABGA,Bc1...c7,c = −(det e)
1
2 (∂a(
4
3
Aa[c1...c7,c]−
4
3
Aa[c1...c7],c)+
1
2
∂[c1c2(−Ac3...c7c]+Ac3...c7]c)
−
1
120
∂[c1...c5(Ac6c7c]−Ac6c7]c)+
1
30× 945
(7∂[c1...c6|a,c|hc7]
a−8∂[c1...c7,|a|hc]
a+
1
2
∂c1...c7,chd
d)
)
,
(4.1.6)
where δa1...an,b1...bn = δ[a1|b1|δa2|b2| . . . δan]bn
As mentioned above we can set GC = 0 and preserve the symmetries of the non-linear
realisation. Doing this we recognise the first component of equation (4.1.2) as the De
Donder gauge fixing condition for gravity. The next equation is a gauge fixing condition
for the three form field and similarly for higher components. Indeed the entire multiplet
can be viewed as a gauge fixing condition for the gauge transformations given for the fields
of the E11⊗s l1 non-linear realisation in reference [19]. As such we have found that we can
fix the gauge symmetries in an E11 covariant manner in eleven dimensions.
4.2 Five dimensions
We now find the quantity GC , given in equation (4.2), in the five dimensional theory
in terms of the fields of equation (3.3.7), using the generalised vielbein EΠ
A, which was
given in terms of these fields, up to level one, in equation (2.14) of reference [18]. We
denote the generalised space-time derivatives with respect to the coordinates of equation
(3.3.6) by
∂Π = {∂a; ∂
α1α2 ; ∂aα1α2 , . . .}. (4.2.1)
We substitute the generalised vielbein into the Cartan form of equation (4.1) and
contract the resulting Cartan form with the metric KAB of equation (3.3.12) to find that
GC has the components
KABGA,B
c = (det e)
1
2 (∂aha
c −
1
2
∂cha
a), (4.2.2)
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KABGA,Bκ1κ2 = −(det e)
1
2 (∂aAaκ1κ2 −
1
2
(f−1)α1α2ν1ν2 ∂α1α2f
ν1ν2
κ1κ2
+
1
2
∂κ1κ2ha
a), (4.2.3)
KABGA,Bcκ1κ2 = −(det e)
1
2 (2∂aAaκ1κ2 + 2Ω
[γ1[α1δγ2]α2]κ1κ2 ∂α1α2Aaγ1γ2
+
1
2
(f−1)ν1ν2κ1κ2∂cα1α2(f
α1α2
ν1ν2
)− ∂aκ1κ2hc
a −
1
2
∂cκ1κ2ha
a). (4.2.4)
where f is a function of the scalar fields whose definition can be found in equation (3.3.14)
of reference [18].
Setting GC = 0 preserves the symmetries of the non-linear realisation and can be
recognised as a gauge fixing condition.
4.3 Four dimensions
We will now evaluate the quantity of equation (4.2) in the four dimensional theory
in terms of the fields of equation (3.4.7). This depends on the generalised vielbein EΠ
A
which was given in terms of these fields, up to level three, in equation (3.4.12) of reference
[18]. The generalised space-time derivatives with respect to the coordinates of equation
(3.4.6) are
∂Π = {∂a; ∂
I1I2
± ; ∂ˆ
a, . . .}. (4.3.1)
Substituting the generalised vielbein into the Cartan form of equation (4.1) and con-
tract the resulting Cartan form with the metric KAB of equation (3.4.12) and we find GC
has the components
Gc = (det e)
1
2 (∂aha
c −
1
2
∂cha
a),
G+K1K2 = (det e)
1
2 (−
1
2
∂aAaK1K2 −
1
2
∂aAa
K1K2 −
1
8
∂−K1K2ha
a
+
1
4
(∂−I[K1φK2]
I − ∂−I[K1φI
K2] +
1
4
∂−K1K2φI
I) +
1
4
(∂+I[K1φK2]
I + ∂+I[K1φI
K2])
−
1
4
(
i
2
∂−I1I2φI1I2K1K2 +
i
2(4!)
∂−I1I2 ∗ φI1I2K1K2)
+
1
4
(
i
2
∂+I1I2φI1I2K1K2 +
i
2(4!)
∂+I1I2 ∗ φI1I2K1K2)),
G−K1K2 = (det e)
1
2 (−
1
2
∂aAaK1K2 +
1
2
∂aAa
K1K2 −
1
8
∂+K1K2ha
a
+
1
4
(∂+I[K1φK2]
I − ∂+I[K1φI
K2] +
1
4
∂+K1K2φI
I) +
1
4
(∂−I[K1φK2]
I + ∂−I[K1φI
K2])
+
1
4
(
i
2
∂+I1I2φI1I2K1K2 +
i
2(4!)
∂+I1I2 ∗ φI1I2K1K2)
+
1
4
(
i
2
∂−I1I2φI1I2K1K2 +
i
2(4!)
∂−I1I2 ∗ φI1I2K1K2)),
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Gc = −(det e)
1
2 (
1
2
∂ah
(ac) +
1
4
(∂aha
c +
1
2
∂cha
a),
G+cK1...K4 = (det e)
1
2 (
1
12
∂aAacK1...K4 −
1
24
(∂+aK1...K4ha
c +
1
2
∂+cK1...K4ha
a)
−
5
24
∂+c[K1...K1φI]
I +
1
4
(
5
12
(∂AcI
[IAK1...K4] − ∂Ac[I
IAK1...K4]) +
1
8
∂AcI
IAK1...K4)
+
1
4
(
5
12
(∂ScI
[IAK1...K4] + ∂Sc[I
IAK1...K4]) +
1
3
∂ScI
IAK1...K4)),
G−cK1...K4 = (det e)
1
2 (
1
12
∂aAacK1...K4 −
1
24
(∂−aK1...K4ha
c +
1
2
∂−cK1...K4ha
a)
−
5
24
∂−c[K1...K1φI]
I +
1
4
(
5
12
(∂AcI
[IAK1...K4] − ∂Ac[I
IAK1...K4]) +
1
8
∂AcI
IAK1...K4)
+
1
4
(
5
12
(∂ScI
[IAK1...K4] + ∂Sc[I
IAK1...K4]) +
1
3
∂ScI
IAK1...K4)),
GA
cK1
K2 = (det e)
1
2 (
1
2
∂aAacK1
K2+
2
(4!)2
(+
5
4
δ
[K2
K1
∂+I1...I4]∗AI1...I4−
1
4
δK2K1∂
+cI1...I4∗AI1...I4)
+
2
(4!)2
(+
5
4
δ
[K2
K1
∂−I1...I4] ∗AI1...I4 −
1
4
δK2K1∂
−cI1...I4 ∗AI1...I4)
−
1
4
(∂A
aK1
K2ha
c +
1
2
∂A
cK1
K2ha
a)−
1
4
(∂A
cJ
K2φK1
J − ∂A
cK1
JφJ
K2)),
GA
cK1
K2 = (det e)
1
2 (
1
2
∂aAacK1
K2+
2
(4!)2
(+
5
4
δ
[K2
K1
∂+I1...I4]∗AI1...I4−
1
4
δK2K1∂
+cI1...I4∗AI1...I4)
+
2
(4!)2
(+
5
4
δ
[K2
K1
∂−I1...I4] ∗AI1...I4 −
1
4
δK2K1∂
−cI1...I4 ∗AI1...I4)
−
1
4
(∂S
aK1
K2ha
c +
1
2
∂S
cK1
K2ha
a)−
1
4
(∂S
cJ
K2φK1
J − ∂S
cK1
JφJ
K2)).
We may set GC = 0 and we recognise the result as a set of gauge fixing conditions.
4.4 A+++1
In this subsection we find the quantity GC of equation (4.2) in terms of the fields
given in equation (3.5.6). The vielbein EΠ
A was given in terms of these fields, up to level
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two, was found in equation (4.25) of reference [18]. The generalised space-time derivatives
with respect to the coordinates of equation (3.5.5) are given by
∂Π = {∂a; ∂
aˆ; ∂abc, ∂ab,c, . . .}. (4.4.1)
We substitute the generalised vielbein into the Cartan form of equation (4.1), and
contract the result with the metric of equation (3.5.11) and we find that GC has the
components
KABGA,B
c = (det e)
1
2 (∂aha
c −
1
2
∂cha
a), (4.4.2)
KABGA,Bc = −(det e)
1
2 (∂aAac +
1
2
∂aˆhc
a +
1
2
∂cˆha
a), (4.4.3)
KABGA,Bc1c2c3 = (det e)
1
2 (∂a(Aa(c1,c2c3))−
1
2
∂[cˆ1Ac2c3] −
3
4
∂(c1c2|a|hc3)
a)−
1
8
∂c1c2c3ha
a),
(4.4.4)
KABGA,B [c1c2],c3 = (det e)
1
2 (∂a(
3
4
A[c1c2],c3a −
1
2
Aa[c1,c2]c3)−
1
2
∂[cˆ1Ac2]c3
−
3
16
(2∂[c1|a,c3|hc2]
a + ∂[c1c2],ahc3
a − 3∂[c1c2|,a|hc3]
a +
1
2
∂[c1c2],c3ha
a)). (4.4.5)
Again we recognise the equation GC = 0 as a set of gauge fixing conditions.
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Appendix A.1
The commutators of the E11 algebra can be found in the book of reference [10]. In
this appendix we give the commutators of the E11 generators with the l1 generators and
the l¯1 generators.
The commutators of l1 generators with E11 generators are:
[Kab, Pc] = −δ
a
cPb +
1
2
δabPc, [K
a
b, Z
a1a2 ] = 2δ
[a1
b Z
|a|a2] +
1
2
δabZ
a1a2
[Kab, Z
a1...a5 ] = 5δ
[a1
b Z
|a|a2...a5] +
1
2
δabZ
a1...a5
[Kab, Z
a1...a8 ] = 8δ
[a1
b Z
|a|a2...a8] +
1
2
δabZ
a1...a8
[Kab, Z
a1...a7,c] = 7δ
[a1
b Z
|a|a2...a7],c + δcbZ
a1...a7,a +
1
2
δabZ
a1...a7,c (A.1.1)
The commutators with the positive level E11 generators are:
[Ra1a2a3 , Pa] = 3δ
[a1
a Z
a2a3], [Ra1a2a3 , Za4a5 ] = Za1...a5
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[Ra1a2a3 , Zb1...b5 ] = Zb1...b5a1a2a3 + Zb1...b5[a1a2,a3]
[Ra1...a6 , Pa] = −3δ
[a1
a Z
a2...a6], [Ra1...a6 , Zb1b2 ] = −Zb1b2a1...a6 − Zb1b2[a1...a5,a6]
[Ra1...a8,a, Pb] = −
4
3
δabZ
a1...a8 +
4
3
δ
[a1
b Z
a2...a8]a +
4
3
δ
[a1
b Z
a2...a8],a (A.1.2)
The commutators with the negative level E11 generators are:
[Ra1a2a3 , Pa] = 0, [Ra1a2a3 , Z
b1b2 ] = 6δb1b2[a1a2Pa3]
[Ra1a2a3 , Z
b1...b5 ] = 60δ[b1b2b3a1a2a3Z
b4b5], [Ra1a2a3 , Z
b1...b8 ] = −42δ[b1b2b3a1a2a3Z
b4...b8]
[Ra1a2a3 , Z
b1...b7,b] =
945
4
δ[b1b2b3a1a2a3Z
b4...b7]b +
945
4
δ[b1b2|b|a1a2a3Z
b3...b7] (A.1.3)
Using the action of the Cartan involution of equation (3.2.3), we find that the com-
mutators of the l¯1 generators with the E11 generators are given by, at level 0:
[Kab, P¯
c] = δcb P¯
a −
1
2
δab P¯
c, [Kab, Z¯a1a2 ] = −2δ
a
[a1
Z¯|b|a2] −
1
2
δab Z¯a1a2
[Kab, Z¯a1...a5 ] = −5δ
a
[a1
Z¯|b|a2...a5] −
1
2
δab Z¯a1...a5
[Kab, Z¯a1...a8 ] = −8δ
a
[a1
Z¯|b|a2...a8] −
1
2
δab Z¯a1...a8
[Kab, Z¯a1...a7,c] = −7δ
a
[a1
Z¯|b|a2...a7],c − δ
a
c Z¯a1...a7,b −
1
2
δab Z¯a1...a7,c (A.1.4)
The commutators with the positive level E11 generators are:
[Ra1a2a3 , P¯ a] = 0, [Ra1a2a3 , Z¯b1b2 ] = −6δ
[a1a2
b1b2
P¯ a3]
[Ra1a2a3 , Z¯b1...b5 ] = −60δ
a1a2a3
[b1b2b3
Z¯b4b5], [R
a1a2a3 , Z¯b1...b8 ] = 42δ
a1a2a3
[b1b2b3
Z¯b4...b8]
[Ra1a2a3 , Z¯b1...b7,b] = −
945
4
δa1a2a3[b1b2b3 Z¯b4...b7]b −
945
4
δa1a2a3[b1b2|b|Z¯b3...b7] (A.1.5)
Finally, the commutators with the negative level E11 generators are:
[Ra1a2a3 , P¯
a] = −3δa[a1Z¯a2a3], [Ra1a2a3 , Z¯a4a5 ] = −Z¯a1...a5
[Ra1a2a3 , Z¯b1...b8 ] = −Z¯b1...b5a1a2a3 − Z¯b1...b5[a1a2,a3]
[Ra1...a6 , P¯
a] = −3δa[a1 Z¯a2...a6] [Ra1...a6 , Z¯b1b2 ] = −Z¯b1b2a1...a6 − Z¯b1b2[a1...a5,a6]
[Ra1...a8,a, P¯
b] =
4
3
δbaZ¯a1...a8 −
4
3
δb[a1Z¯a2...a8]a −
4
3
δb[a1Z¯a2...a8],a (A.1.6)
Appendix A.2 D=5
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The E11 algebra in its five dimensional decomposition will be published elsewhere.
In this appendix we give the commutators of the E11 generators with the l1 generators
generators of the GL(5)× Usp(8). The commutators of l1 generators with E11 generators
are
[Kab, Pc] = −δ
a
cPb+
1
2
δabPc, [K
a
b, Z
α1α2 ] =
1
2
δabZ
α1α2 , [Kab, Z
cα1α2 ] = δcbZ
aα1α2+
1
2
δabZ
cα1α2
[R(α1α1), Pa] = 0, [R
(α1α2), Zβ1β2 = 2Ω(α1[β1Zα2)β2],
[R(α1α2 , Zaβ1β2 ] = 2Ω(α1[β1Zaα2)β2], [Rα1...α4 , Pa] = 0,
[Rα1...α4 , Zβ1β2 ] = Ω[α1α2Ωα3[β1Zα4]β2] +Ω[α1[β1Ωα2β2]Zα3α4]
−
1
4
Ωβ1β2Ω[α1α2Zα3α4] −
1
12
Ω[α1α2Ωα3α4]Zβ1β2 ,
[Rα1...α4 , Zaβ1β2 ] = −(Ω[α1α2Ωα3[β1Zaα4]β2] + Ω[α1[β1Ωα2β2]Zaα3α4]
−
1
4
Ωβ1β2Ω[α1α2Zaα3α4] −
1
12
Ω[α1α2Ωα3α4]Zaβ1β2), (A.2.1)
The commutators with the positive level generators are
[Raα1α2 , Pb] = δ
a
bZ
α1α2 , [Ra1a2α1α2 , Pa] = −2δ
[a1
b Z
a2]α1α2 ,
[Raα1α2 , Zβ1β2 ] = 4Ω[α1[β1Zaα2]β2] −
1
2
Ωβ1β2Zaα1α2 −
1
2
Ωα1α2Zaβ1β2 . (A.2.2)
The commutators with the negative level generators are
[Raα1α2 , Pb] = 0, [Raα1α2 , Z
β1β2 ] = 2(δβ1β2α1α2 +
1
8
Ωα1α2Ω
β1β2)Pa,
[Raα1α2 , Z
bβ1β2 ] = 4δba(Ω[α1γδ
[β1
α2]
Zβ2]γ +
1
8
Ωα1α2Z
β1β2 −
1
8
Ωβ1β2Ωα1γ1Ωα2γ2Z
γ1γ2),
[Ra1a2α1α2 , Z
bβ1β2 ] = 4(δβ1β2α1α2 +
1
8
Ωα1α2Ω
β1β2)δb[a1Pa2]. (A.2.3)
The Cartan involution acts on the generators of E11 and l1 as
Ic(K
a
b) = −K
b
a, Ic(R
(α1α2)) = R(α1α2),
Ic(R
α1...α4) = −Rα1...α4 , Ic(R
aα1α2) = −Ωα1β1Ωα2β2Raβ1β2 ,
Ic(Pc) = −P¯
c, Ic(Z
α1α2) = −Ωα1β1Ωα2β2Z¯β1β2 , Ic(Z
aα1α2) = −Ωα1β1Ωα2β2Z¯aβ1β2 .
(A.2.4)
Thus, the commutators of the level zeroE11 generators with the l¯1 algebra are
[Kab, P¯
c] = δcb P¯
a−
1
2
δab P¯
c, [Kab, Z¯α1α2 ] = −
1
2
δab Z¯α1α2 , [K
a
b, Z¯cα1α2 ] = −δ
c
bZ¯aα1α2−
1
2
δab Z¯cα1α2 ,
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[R(α1α2), P¯ a] = 0, [R(α1α2), Z¯γ1γ2 ] = 2δ
(α1
[γ1
Ωα2)κZ¯κγ2]
[R(α1α2), Z¯aγ1γ2 ] = 2δ
(α1
[γ1
Ωα2)κZ¯aκγ2], [R
α1...α4 , P¯ a] = 0
[Rα1...α4 , Z¯κ1κ2 ] = −(Ω
[α1α2δα3[κ1Ω
α4]γZ¯γκ2] + δ
[α1
[κ1
δα2
κ2]
Ωα3γ1Ωα4]γ2Z¯γ1γ2
−
1
4
Ωκ1κ2Ω
[α1α2Ωα3γ1Ωα4]γ2Z¯γ1γ2 −
1
12
Ω[α1α2Ωα3α4]Z¯κ1κ2),
[Rα1...α4 , Z¯aκ1κ2 ] = (Ω
[α1α2δα3[κ1Ω
α4]γZ¯aγκ2] + δ
[α1
[κ1
δα2
κ2]
Ωα3γ1Ωα4]γ2Z¯aγ1γ2
−
1
4
Ωκ1κ2Ω
[α1α2Ωα3γ1Ωα4]γ2Z¯aγ1γ2 −
1
12
Ω[α1α2Ωα3α4]Z¯aκ1κ2). (A.2.5)
The commutators of the positive level E11 generators with the l¯1 representation are
[Raα1α2 , P¯ b] = 0, [Raα1α2 , Z¯β1β2 ] = −2(δ
α1α2
β1β2
+
1
8
Ωα1α2Ωβ1β2)P¯
a
[Raα1α2 , Z¯bβ1β2 ] = 4δ
a
b (Ω
[α1γδ
α2]
[β2
Z¯β2]γ +
1
8
Ωα1α2Z¯β1β2 −
1
8
Ωβ1β2Ω
α1γ1Ωα2γ2Z¯γ1γ2),
[Ra1a2α1α2 , Z¯bβ1β2 ] = 4(δ
α1α2
β1β2
+
1
8
Ωα1α2Ωβ1β2)δ
[a1
b P¯
a2]. (A.2.6)
Finally, the commutators of the l¯1 algebra with the negative level E11 generators are
[Raα1α2 , P¯
b] = −δbaZ¯α1α2 , [Ra1a2α1α2 , P¯
b] = 2δb[a1Z¯a1]α1α2 ,
[Raα1α2 , Z¯β1β2 ] = −(4Ωα1[β1Z¯aα2]β2] −
1
2
Ωβ1β2Z¯aα1α2 −
1
2
Ωα1α2Z¯aβ1β2). (A.2.7)
Appendix A.3 D=4
The commutators of the E11⊗s l1 decomposed algebra into representations of GL(4)×
SL(8) can be found in [16]. The commutators of the level zero E11 generators with the l1
generators are
[Kab, Pc] = −δ
a
cPb +
1
2
δabPc, [K
a
b, Z
I1I2 ] =
1
2
δabZ
I1I2 ,
[Kab, ZI1I2 ] =
1
2
δabZI1I2 , [K
a
b, Z
c] = δcbZ
a +
1
2
δabZ
c,
[RIJ , Pc] = 0, [R
I
J , Z
I1I2 ] = 2δ
[I1
J Z
|I|I2] −
1
4
δIJZ
I1I2 ,
[RIJ , Pc] = 0, [R
I
J , ZI1I2 ] = −2δ
I
[I1
Z|J|I2] +
1
4
δIJZI1I2 , [R
I
J , Z
a] = 0,
[RI1...I4 , Pa] = 0, [R
I1...I4 , ZJ1J2 ] =
1
24
εI1...I4J1...J4ZJ3J4 ,
25
[RI1...I4 , ZJ1J2 ] = δ
[I1I2
J1J22
ZI3I4], [RI1...I4 , Za] = 0. (A.3.1)
The commutators of the positve level E11 generators with the l1 generators are
[RaI1I2 , Pb] = δ
a
bZ
I1I2 , RaI1I2 , Pb] = δ
a
bZI1I2 ,
[RaI1I2 , Z
J1J2 ] = δJ1J2I1I2 Z
a, [RaI1I2 , ZJ1J2 ] = −δ
I1I2
J1J2
Za. (A.3.2)
The commutators with the negative level generators are
[R˜aI1I2 , Pb] = 0, [R˜aI1I2 , Z
J1J2 ] = 2δI1I2J1J2Pa, [R˜aI1I2 , ZJ1J2 ] = 0,
[R˜a
I1I2 , Pb] = 0, [R˜a
I1I2 , ZJ1J2 ] = 0, [R˜a
I1I2 , ZJ1J2 ] = −2δ
J1J2
I1I2
Pa,
[R˜aI1I2 , Z
b] = −2δbaZI1I2 , [R˜a
I1I2 , Zb] = −2δbaZ
I1I2 . (A.3.3)
The Cartan involution acts on the E11 generators as
Ic(K
a
b) = −K
b
a, Ic(R
I
J ) = −R
J
I , Ic(R
I1...I4) = − ⋆ RI1...I4 ≡ −
1
4!
ǫI1...I4J1...J4RJ1...J4 ,
Ic(R
aI1I2) = −R˜aI1I2 , Ic(R
a
I1I2) = R˜a
I1I2 , (A.3.4)
and on the l1 representation as
Ic(Pc) = −P¯
c, Ic(Z
I1I2) = −Z¯J1J2 ,
Ic(ZI1I2) = −Z¯
J1J2 , Ic(Z
c) = −Z¯c. (A.3.5)
The commutators of the level zero E11 algebra with the l¯1 representation are
[Kba, P¯
c] = −δcaP¯
b +
1
2
δbaP¯
c, [Kba, Z¯I1I2 ] = −
1
2
δbaZ¯I1I2 ,
[Kba, Z¯
I1I2 ] = −
1
2
δbaZ¯
I1I2 , [Kba, Z¯c] = −δ
b
cZ¯a −
1
2
δbaZ¯c,
[RIJ , P¯
c] = 0, [RIJ , Z¯I1I2 ] = −2δ
J
[I1
Z¯|I|I2] +
1
4
δJI Z¯I1I2 ,
[RIJ , Z¯
I1I2 ] = 2δ
[I1
I Z¯
|J|I2] −
1
4
δJI Z¯
I1I2 , [RIJ , Z¯a] = 0,
[RI1...I4 , P¯ a] = 0, [RI1...I4 , Z¯J1J2 ] = −δ
[I1I2
J1J22
ZI3I4],
[RI1...I4 , Z¯J1J2 ] = −
1
24
εI1...I4J1...J4ZJ3J4 , [R
I1...I4 , Z¯a] = 0. (A.3.6)
The commutators of the positve level E11 generators with the l1 generators are
[RaI1I2 , P¯ b] = 0, [RaI1I2 , Z¯J1J2 ] = −2δ
I1I2
J1J2
P¯a, [R
aI1I2 , Z¯J1J2 ] = 0,
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[RaI1I2 , P¯
b] = 0, [RaI1I2 , Z¯J1J2 ] = 0, [R
a
I1I2 , Z¯
J1J2 ] = −2δJ1J2I1I2 P¯
a,
[RaI1I2 , Z¯b] = 2δ
a
b Z¯
I1I2 , [RaI1I2 , Z¯b] = −2δ
a
b Z¯I1I2 . (A.3.7)
The commutators with the negative level generators are
[R˜aI1I2 , P¯
b] = −δbaZ¯I1I2 , [R˜a
I1I2 , P¯ b] = δbaZ¯
I1I2 ,
[R˜a
I1I2 , Z¯J1J2 ] = −δ
I1I2
J1J2
Z¯a, [R˜aI1I2 , Z¯
J1J2 ] = −δJ1J2I1I2 Z¯a. (A.3.8)
Appendix A.4 A+++1
The commutators of the A+++1 can be found in reference [18]. The commutators of
the level zero generators of GL(4) with the l1 algebra are
[Kab, Pc] = −δ
a
cPb +
1
2
δabPc, [K
a
b, Z
c] = δcbZ
a +
1
2
δabZ
c,
[Kab, Z
cde] = δcbZ
ade + δdbZ
cae + δebZ
cda +
1
2
δabZ
cde,
[Kab, Z
cd,e] = δcbZ
ad,e + δdbZ
ca,e + δebZ
cd,a +
1
2
δabZ
cd,e, (A.4.1)
The commutators with the positive level generators are
[Rab, Pc] = δ
(a
c Z
b), [Rab, Zc] = Zabc + Zc(a,b) (A.4.2)
The commutators with the negative level generators are
[Rab, Pc] = 0, [Rab, Z
c] = 2δc(aPb),
[Rab, Z
cde] =
2
3
(δcd(ab)Z
e + δde(ab)Z
c + δec(ab)Z
d),
[Rab, Z
cd,e] =
4
3
(δde(ab)Z
c − δce(ab)Z
d). (A.4.3)
The Cartan involution acts on the E11 generators as
Ic(K
a
b) = −K
b
a, Ic(Rab) = −R
ab, Ic(R
ab,cd) = Rab,cd,
and on the l1 representation as
Ic(Pc) = −P¯
c, Ic(Z
c) = −Z¯c,
Ic(Z
cde) = −Z¯cde, Ic(Z
cd,e) = −Z¯cd,e. (A.4.4)
The commutators of the level zero generators with the l¯1 algebra are
[Kba, P¯
c] = δcaP¯
b −
1
2
δbaP¯
c, [Kba, Z¯
c] = −δbcZ¯
a −
1
2
δbaZ¯c,
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[Kba, Z¯cde] = −δ
b
cZ¯ade − δ
b
dZ¯cae − δ
b
eZ¯cda −
1
2
δbaZ¯cde,
[Kba, Z¯cd,e] = −δ
b
cZ¯ad,e − δ
b
dZ¯ca,e − δ
b
eZcd,a −
1
2
deltabaZ¯cd,e,
[Kba, Z¯cd,e] = δ
b
cZ¯ad,e − δ
b
dZ¯ca,e − δ
b
eZ¯cd,a −
1
2
δbaZ¯cd,e. (A.4.5)
Then the commutators with the positive level generators of GL(4) and l¯1 are
[Rab, P¯ c] = 0, [Rab, Z¯c] = −2δ
(a
c P¯
b),
[Rab, Z¯cde] = −
2
3
(δ
(ab)
cd Z¯e + δ
(ab)
de Z¯c + δ
(ac)
ec Z¯d),
[Rab, Z¯cd,e] = −
4
3
(δ
(ab)
de Z¯c − δ
(ab)
ce Z¯d). (A.4.6)
Finally, the commutators with the negative level generators of GL(4) and l¯1 are
[Rab, P¯
c] = −δc(aZ¯b), [Rab, Z¯
c] = −Z¯abc − Z¯c(a,b),
[Rab,cd, P¯
e] = −δe[aZ¯b]cd +
1
4
(δeaZ¯b(c,d) − δ
e
b Z¯a(c,d) −
3
8
(δec Z¯ab,d + δ
e
aZ¯ab,c). (A.4.7)
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